A three-dimensional finite element method program is developed to investigate the magnetoelectric (ME) coupling in multiferroic composites. For a bilayer plate, we show that:
Introduction
A multiferroic material can exhibit an electric polarization under a magnetic field or a magnetization under an electric field, a novel material property which is now called the magnetoelectric (ME) effect. Some single-phase materials exhibit this ME effect but the ME coupling is very weak [1] [2] [3] . The strong ME effect was recently observed [4, 5] in artificially fabricated multiferroic composites where the two different-phase materials, i.e. the piezoelectric (PE) and piezomagnetic (PM) single-phase materials, are bonded together. Representative analytical studies on the ME effect include Green's function and perturbation method [6] , the micromechanics-based method [7, 8] , the equivalent circuit method [9, 10] and the continuum mechanics method with consideration of the grading composition effect [11, 12] . The Stroh formulism and propagator matrix method were also proposed to investigate the full-field response (static and vibration) of the magneto-electro-elastic plates under certain simple lateral mechanical boundary conditions (BCs) [13, 14] . The corresponding ME effect under a harmonic field input, i.e. the ME effect as a function of the input frequency, was also investigated [15, 16] . However, in terms of the ME effect study, most research carried out so far assumed an infinite lateral dimension of the multiferroic composite and as such the effect of the mechanical BCs on the ME coupling was not considered. This simplification or restriction could be very serious as novel multiferroic composites could be in the fibrereinforced form [17, 18] .
Various numerical methods were proposed to study the multiphase behaviours of multiferroic composites. The layerwise partial mixed finite element method (FEM) was used in [19, 20] to study the static and vibration problems of magneto-electro-elastic layered plates. Similarly, the discrete layer method was employed in [21] for the functionally graded magneto-electro-elastic plates. While the ME effect in the multiferroic composite was investigated in [22] using the FEM method, the FEM was also applied for the composite multiferroic device analysis [23] .
In this paper, we develop a three-dimensional (3D) selfcontained FEM program to deal with the general and finite-size multiferroic composite structures under arbitrary mechanical BCs. The eight-node brick isoparametric element is adopted and each node in general has five degrees of freedom (DOFs) (three mechanical displacements, one electric potential and one magnetic potential). Both electrode and non-electrode surface conditions can be analysed and the field quantities can be extracted to predict the out-of-plane and in-plane ME effects. Since the assembled stiffness matrix is not positive definite, a special and efficient solver called wave-front [24] is implemented to solve the resulting system of equations. Before applying our 3D FEM program to the ME effect analysis, we first verified it for the reduced cases by using the commercial FEM software ANSYS (while ANSYS can solve either the PE structure or the PM structure, it cannot treat the problem when all the phases are coupled together). Our FEM program was further tested by other approaches; e.g. we observed that with increasing mesh density, our FEM solutions converge.
Basic equations
The general constitutive equation for a magneto-electro-elastic three-phase coupled material can be expressed as [13] σ =Dγ ,
are the extended stress, strain and stiffness vector (matrix) and a superscript T means transpose of the vector (matrix). In these expressions, σ , D and B are vectors of the elastic stress, electric displacement and magnetic induction; γ , E and H are vectors of the elastic strain, electric field and magnetic field; C, e, q, ε, α, µ are matrices of the elastic stiffness (under constant electric and magnetic fields), PE coefficients (under constant strain and magnetic field or under constant electric and magnetic fields), PM coefficients (under constant strain and electric field or under constant electric and magnetic fields), permittivity coefficients (under constant strain and magnetic field), ME coupling coefficients (under constant strain and electric field or under constant strain and magnetic field) and permeability coefficients (under constant strain and electric field). For a layered PE/PM composite where each layer is either PE or PM, the extended stiffness matrix (4) is reduced tō
for the PE and PM layers, respectively. In 3D FEM with eight nodes in each element and five DOFs for each node, the extended strain-displacement equation can be expressed as γ =Bū,
with
Unknown Volt whereū is a 40 × 1 extended nodal displacement vector, and each submatrix inB can be expressed as where N i (i = 1-8) are the shape functions. The shape functions are constructed in the elemental isoparametric coordinate and then transformed to the global coordinate by using the Jacobian matrix. Considering the principle of virtual work
in terms of the discretized extended nodal force and displacement vectors, we finally arrived at the following linear algebraic equations between the extended nodal force vector F e and displacement vectorū.
where K e is the extended stiffness matrix in the discretized system, i.e.
Numerical modelling
To study the size and mechanical BC effect on the ME coupling, the common bilayer multiferroic composite is selected (figure 1(a)): the top layer is PE PZT-5A while the bottom layer is PM material CoFe 2 O 4 , with their material properties listed in table 1 [6, 13, 25, 26] . The dimensions of this composite are defined by four geometric lengths: the two lateral dimensions in the x-and y-directions, L x and L y , and the thickness of the PE and PM layers, t e and t m . The electric and magnetic BCs are shown in figures 1(b) and (c).
For figure 1(b), the magnetic field is created by applying a magnetic potential of 0.1 A on the top surface of the PM layer while keeping its bottom surface at 0 A. The electric potential on the bottom surface of the PE layer is set to zero while the unknown voltage on the top surface of the PE layer will be solved. Since the applied magnetic field and the unknown electric field are both along the vertical z-direction, this is sometimes called the out-of-plane longitudinal ME effect [8] . For figure 1(c), we apply a magnetic potential of 1.6 A on the left end of the PM layer while keeping its right end at 0 A. The electric potential on the left end of the PE layer is set to zero whilst the unknown voltage on the right end of the PE layer will be solved. Since the applied magnetic field and the unknown electric field are both along the horizontal x-direction, this is sometimes called the in-plane longitudinal ME effect [8] . In experiment, the magnetic field input can be achieved by using an electromagnet and a signal generator [27] . Thus, the input magnetic field is H z = 0.1/t m (in the thickness or vertical direction) for the out-of-plane longitudinal case and H x = 1.6/L x (in the longitudinal or horizontal direction) for the in-plane longitudinal case. Note that in general the permeability coefficient is not a constant but dependent on the bias magnetic field. In this study, we actually consider the incremental magnetic and electric fields, and therefore the permeability coefficient could be assumed to be constant if the incremental magnetic field is smaller than 1.5 Oe (about 120 A m −1 ) [9] . In our study, an actual device size was used with L x = 16 mm, L y = 6.4 mm and t e = t m = 1 mm [28] , and furthermore six different mechanical BCs are considered.
They are classified as (see insets in figure 2): (1) BC1: all surfaces are traction-free; (2) BC2: all surfaces, except for a small fixed or clamped area on the bottom surface (1/25 of the total bottom length), are traction-free; (3) BC3: the bottom surface is clamped while others are traction-free; (4) BC4: all surfaces are clamped; (5) BC5: all surfaces, except for the right traction-free one, are clamped; (6) BC6: both the top and the bottom surfaces are clamped while others are traction-free. Again, our 3D FEM program has been verified via different approaches, and in the following examples a relatively refined mesh size was chosen to ensure that our 3D FEM prediction is accurate (∼5%).
Effect of mechanical BCs and volumetric ratios
The FEM predicted electric potential contour distributions on the top surface of the PE layer (without electrode surfaces) for the out-of-plane longitudinal case ( figure 1(b) ) are shown in figure 2 for the six different mechanical BCs. It is clearly observed that:
(1) While the voltage corresponding to BC1-BC3 are basically at the same magnitude, that to the BC4-BC6 is also at the same magnitude. However, the voltage magnitude to BC4-BC6 (right column) is about 10 times greater than that to BC1-BC3 (left column). This special feature is actually consistent with the result by a different analytical model and it is due to the induced large mechanical force on the clamped boundary [8] . (2) Different mechanical BCs will induce different voltage distributions on the surface of the PE layer. For example, in the case of BC2, there is an obvious increment on the electric voltage right above the small clamped area. This is because at the position close to the clamped area, the mechanical deformation is constrained and the elastic stress is greater than those at other locations, resulting in a larger electric potential. (3) BC4 corresponds to a plate with all six surfaces being clamped. If one of the four lateral sides is released (BC5), the resulting electric potential along that side (or edge) will be substantially increased; if all the four lateral sides are released (BC6), then the voltages around these four sides (edges) are all increased. (4) Besides the six mechanical BCs discussed above, many other different mechanical BCs are investigated. It is found that the models with both the top and bottom surfaces being clamped can produce much larger electric potential (about 10 times larger) than other cases.
In the actual experimental setup, the top and bottom surfaces of the PE layer will be covered by the electrodes (with, of course, equal electric voltage) [9, 27] . Therefore, we also modified our 3D FEM program for this case and calculated the variation of ME voltage coefficients with different volume ratios of PE and PM phases. Based on the ME definition, we first have α 33 = E z /H z ( [8] ), where E z denotes the electric field across the whole thickness of the plate E z = V /(t e + t m ) ( [25] ) with V being the uniform electric potential at the top surface. Figure 3 shows the variation of the ME voltage coefficient α 33 in (V m −1 ) (A m −1 ) −1 versus volumetric ratio of the PE layer (v f = t e /(t e + t m )) for the out-of-plane longitudinal case ( figure 1(b) ). While the lateral dimensions are kept the same (i.e. L x = 16 mm and L y = 6.4 mm), we vary the volumetric ratio of the PE layer, v f = t e /(t e + t m ), from 0 to 1. It is apparent that v f = 0 and ν f = 1, respectively, correspond to the single-phase PM and PE material case, and thus the ME coupling coefficient α 33 = 0.
From the top to the bottom on the left-hand side of figure 3 are the results for the mechanical BCs 1 to 3 and from top to bottom on the right-hand side are the results for the BCs 4 to 6. Similar to what we discussed for the electric potential distribution on the top surface of the PE layer, here, it is clearly observed that the ME coefficient for the mechanical BCs 4 to 6 is one magnitude larger than that for the mechanical BCs 1 to 3. It is further noticed that while for BCs 4 to 6 the maximum ME effect is reached around volumetric ratio v f = 0.4, for the mechanical BCs 1 to 2, one observes two extremes in the ME value with magnitudes comparable to each other. This double-humped curve feature is due to the tractionfree or near traction-free BC, with the result very close to the recent analytical prediction (figure 2, homogeneous NZFO in [11] ). Furthermore for BC6, we point out that our result −1 is about 800 times of (mV cm −1 Oe −1 )), as will be discussed further in figure 6 .
While the ME effect in figure 3 is based on the electrode surface condition, we point out that, actually, the electric potential distribution in figure 2 can also be utilized to find the ME voltage coefficient. Similar to the electrode surface case, the electric field across the whole thickness of the plate is calculated by E z = V ave /(t e + t m ), with V ave being the average electric potential. Since the electric potential is different at different locations on the surface of the PE layer (figure 2), the average voltage over the surface is therefore used. It is very interesting that the ME voltage coefficient α 33 based on this average surface electric potential method (with non-electrode surfaces) is nearly identical to that based on the electrode surface condition. In other words, the ME voltage coefficient curves based on the non-electrode condition will overlap those presented in figure 3 . However, the electrode surface condition case would usually need more computational time as compared with the non-electrode one.
What we presented in figure 3 is the out-of-plane longitudinal ME effect (based on figure 1(b) ). For the inplane longitudinal case shown in figure 1(c) , we have also calculated the corresponding ME effect for the mechanical BC BC1. Note that for the out-of-plane longitudinal case, the induced electric field is calculated with respect to the whole thickness of the bilayer, instead of the PE layer only. Thus, to make the results comparable to each other, we also calculate the induced in-plane electric field in the in-plane longitudinal case using the same thickness factor, i.e. E x = (V /L x )t e /(t e + t m ). Figure 4 shows such a comparison for the traction-free BC1, and it is observed clearly that the in-plane longitudinal ME effect is much larger than the out-of-plane ME one. 
Effect of aspect ratios
Besides the important influence of the mechanical BCs on the ME effect, the relative aspect ratio between the lateral dimension and the thickness of the multiferroic composites can also affect the ME coupling significantly. To show this, we also take the traction-free mechanical BC1 and out-ofplane longitudinal ME effect as an example. Results for the mechanically clamped case, such as BC6, show a similar trend but with an ME effect 10 times larger than that in BC1. We let the total thickness of the composite plate t = t e + t m be a constant and further fix the volumetric ratio (i.e. t e /t m = 1). The two aspect ratios are defined as r x = L x /t and r y = L y /t. The calculation is based on the electrode surface condition although the non-electrode case produces the same results.
The 3D contour of the ME voltage coefficient α 33 versus the lateral aspect ratios (r x = L x /t and r y = L y /t) of the bilayer PE/PM multiferroic composite (α 33 in figure 5(a) . It is obvious that since the polar axes of the PE and PM materials are along the z-direction (the thickness direction), α 33 is symmetric about the diagonal line r x = r y . We also observe that with an increasing aspect ratio r x or r y , or both, the ME coefficient α 33 gradually increases from 0.05 to 0.1. However, once the aspect ratio reaches 15, the ME effect α 33 increases very slowly. In other words, the ME coefficient α 33 is approaching its asymptotic value when r x and/or r y becomes very large, an interesting feature similar to the recent experimental observation [29] . Figure 5(b) shows α 33 as a function of r x where the two solid lines are for the cases of r y = 1 and r y = r x . These two lines are, respectively, taken along the side edge (r y = 1) and the diagonal of the surface contour in figure 5(a) but are further extended to large aspect ratio r x . It is clear that after r x reaches 15, the magnitude of the two curves increases only slightly and gradually approaches their asymptotes, which are, respectively, α 33 = 0.0717 and 0.0965. Therefore, while a large aspect ratio corresponds to a large ME effect, an aspect ratio around 15 should represent the highest possible ME effect (there is only less than 5% ME effect left in the large aspect ratio domain r x > 15). Furthermore, figure 5(b) shows clearly that a composite plate (r x = r y = 15) will produce 20-30% higher ME coefficient than a composite beam (r x = 1; r y = 15).
While we have double checked our 3D FEM using different approaches (i.e. for a given problem, we used different mesh grids to test the convergence of the solution), we have also compared our numerical result with existing analytical solution. Figure 6 shows the comparison of the ME voltage coefficient α 33 versus lateral aspect ratios between the present 3D FEM using the electrode surface conditions and the analytical solutions [8] for the out-of-plane longitudinal case in figure 1(b) with the mechanical BC BC6. For this comparison, we have used different and large mesh sizes to approximate the infinite plate model used in [8] . It is noted that our FEM solutions not only converge to the curve shown in figure 6 , as one could expect by examining figure 5, but also very close to the analytical one from [8] . The slight difference between our 3D FEM and the analytical results could be due to certain oversimplifications in the analytical model which will be investigated in the future (actually, the assumption on the horizontal stress behaviour over the thickness direction is incorrect in most analytical models).
Conclusion
In conclusion, we have developed a unique 3D FEM program for predicting the (out-of-plane and in-plane) ME effect in multiferroic composites and compared our results with recent analytical and experimental ones. Our program can deal with both the electrode and non-electrode surface conditions. Based on a typical bilayer PE/PM composite model, we have shown that: (1) the electric potential on the PE surface induced by the magnetic potential in the PM layer is not uniform but exhibits concentration near the edge/corner of the plate (without using the electrode surface condition); (2) the mechanically clamped BC can substantially enhance the ME effect; (3) the ME effect in a composite plate is stronger than that in the corresponding composite beam; (4) a large aspect ratio between the lateral dimension and the thickness of the composite plate corresponds to an enhanced ME effect; (5) the in-plane longitudinal ME effect is larger than the out-of-plane longitudinal one; (6) the average electric potential on the surface of a PE layer without the electrode surface is almost identical to that based on the electrode surface condition. These results should be useful in the design of bilayer multiferroic composites.
